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We investigate the systematic use of the Schwinger representation, by virtue of which two boson
fields are equivalent to an effective spin, for casting multimode squeezed states into multipartite
spin entangled states. The motivation for this endeavor is the following established fact: finitely
squeezed, two-mode entangled states can be recast into maximally entangled bipartite spin states,
irrespective of their level of squeezing (in the lossless case). This work explores the generalization
of this interesting property to multipartite entanglement. While we found that the generalization
of multipartite Gaussian entanglement to multipartite spin entanglement is not straightforward,
there are nonetheless interesting features and entangled states to be found. Here we study a few
CV entangled states already realized experimentally, and show that some of them correspond to
multipartite spin entangled states.

PACS numbers: 03.67.Lx, 03.65.Ud, 03.67.Bg, 42.50.Ex

I. INTRODUCTION

Continuous-variable (CV) entanglement is a highly in-
teresting and active field because it provides a new out-
look on quantum information, offers rich perspectives
such as massive scalability potential [1–5], and can rely
on the mature quantum optical experimental techniques
of squeezed-state generation. In particular, our group
and collaborators have discovered [2, 6] and begun to
demonstrate [3] massively scalable continuous-variable
cluster entanglement in the quantum optical frequency
comb, which opens up opportunities towards generating
macroscopic entangled states for universal quantum com-
puting.

However, the no-go theorems for all-Gaussian key
quantum processes such as Bell inequality violation [7],
entanglement distillation [8], and quantum error correc-
tion [9] require us to seek either non-Gaussian measure-
ments/gates on Gaussian states [10] or to generate non-
Gaussian states directly. Here we explore the former
approach by first casting Gaussian states as effective
spins, by use of the Schwinger representation [11]. Spin
measurements will then coincide with photon-number-
resolving measurements [12] in the Fock state basis,
which are known to be non-Gaussian measurements since
Fock states have nonpositive Wigner functions [13].

Another goal is to ascertain whether the Schwinger
representation would be a possible bridge from mas-
sively scalable Gaussian entanglement to massively scal-
able spin entanglement and, possibly, quantum simula-
tion [14] of entangled spin lattices.

Here, we present a first nontrivial step toward these
goals with the theoretical discovery that quadripartite
spin states which are entangled to make total spin zero
states can be achieved using quadripartite Gaussian en-
tanglement. Moreover, we discovered that the number of
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entangled spins and the strength of their entanglement
is independent of the strength of the nonlinear squeezing
interaction, in the absence of losses.

However, the correspondence between CV and spin en-
tanglement is not obvious and it is not clear if its pos-
sible to generate other entangled spin states using CV
entanglement and there is no straightforward map yet
between CV and spin entangled states. Therefore, we
attempt to develop a theoretical framework for finding
underlying spin symmetries in squeezing Hamiltonians.
In light of recent advances in photon-number resolving
detection, we anticipate that this will be a powerful way
to generate and simulate not just Qbit1 but multipartite
high-spin entanglement.

Note that related work has been produced by Natasha
Gabay and Nicolas Menicucci [16], in connection with the
Gaussian graph formalism developed by Menicucci [17,
18].

The paper is organized as follows. In section II we re-
view the Schwinger representation, a. k. a. the quantum
Poincaré sphere, or quantum Stokes parametrization and
illustrate its physical significance as well as its applica-
tion to the example of bipartite spin entanglement using
two EPR pairs. In section III we look at the theoreti-
cal methods that allow us to find spin operators that are
constants of motion of the squeezing Hamiltonian and
can be used to define the states that they nullify. We
then reëxamine the example of bipartite spin entangle-
ment using two EPR pairs. In section IV, we extend the
results of our systematic derivations of the spin nullifiers
to twin tri- and quadripartite CV states. In section V,
we make use of these results to derive the corresponding
spin states in these cases, and examine their entangle-
ment. We then conclude.

1 We adopt here the more harmonious spelling of David Mer-
min’s [15].
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II. SCHWINGER REPRESENTATION

A. Mathematical formulation

In the Schwinger representation, two bosonic fields, say
of annihilation operators a1 and a2, are used to define an

effective spin angular momentum ~J , as follows

Jx =
1

2

(
a†1a2 + a1a

†
2

)
(1)

Jy =
1

2i

(
a†1a2 − a1a

†
2

)
(2)

Jz =
1

2

(
a†1a1 − a†2a2

)
, (3)

which can easily be shown to obey the canonical com-
mutation relations of an angular momentum. The spin
ladder operators are

J+ = Jx + iJy = a†1a2 (4)

J− = Jx − iJy = a1a
†
2. (5)

Finally the spin magnitude is

J2 = J2
x + J2

y + J2
z =

a†1a1 + a†2a2

2

(a†1a1 + a†2a2

2
+ 1
)
(6)

and can be shown to be a scalar operator—consistent
with the total energy of the two modes of the electro-
magnetic field. This leads us to the physical significance
of this mathematical representation.

B. Physical meaning

As just remarked, J2 represents the total energy of the
two-mode field. This begets the adoption of the Fock ba-
sis |n1 〉1 |n2 〉2. Indeed, consider the action of the J2 and
Jz operators of a two-mode number state, using Eq. (3)
and Eq. (6):

J2 |n1 〉1 |n2 〉2 =
n1 + n2

2

(n1 + n2

2
+ 1
)
|n1 〉1 |n2 〉2

(7)

Jz |n1 〉1 |n2 〉2 =
n1 − n2

2
|n1 〉1 |n2 〉2 . (8)

This proves that the two-mode Fock states are the spin
eigenstates | jm 〉, with

j =
n1 + n2

2
(9)

m =
n1 − n2

2
. (10)

Hence the spin magnitude is the total photon number
and the z-component of the spin is the photon number
difference. The other two components of this effective

spin are equally meaningful: Eqs. (1-2) clearly show that
Jx,y are interference terms of fields 1 and 2, respectively
in phase and in quadrature.

Note that in this paper we will often use interchange-
ably for the total photon number and spin magnitude
operators the SU(2) Casimir operator

J0 =
1

2
(a†1a1 + a†2a2), (11)

whose eigenvalue is j and which verifies J2 = J0(J0 + 1).
From these considerations, we easily deduce that mea-

surements of the effective spin along any direction can
then be made using variable beamsplitters and photon
number resolving detection [19–21], as depicted in Fig. 1.

b₁ 

a₁ 

PBS 

HWP  

(θ/4) 

Phase 

Shift ϕ 

± J², 

J θ,ϕ 

PNRD1 

a₂ 

PNRD2 

b₂ 

PBS 

FIG. 1: Arbitrary spin measurements (along direction
(θ, φ)) can be performed with a phase shift φ, two
polarizing beamsplitters (PBS), a halfwave plate

(HWP) whose axes are at θ/4 rad from the PBSs, and
two photon-number-resolving detectors (PNRD1,2).

The detected fields are

b1 =
1√
2

(
a1 cos

θ

2
+ a2 e

−iφ sin
θ

2

)
(12)

b2 =
1√
2

(
−a1 sin

θ

2
+ a2 e

−iφ cos
θ

2

)
(13)

and the corresponding photon numbers are

b†1b1 =
1

2
[N1 cos2 θ

2
+N2 sin2 θ

2

+ (a†1a2 e
−iφ + a1a

†
2 e

iφ) cos
θ

2
sin

θ

2
] (14)

b†2b2 =
1

2
[N1 sin2 θ

2
+N2 cos2 θ

2

− (a†1a2 e
−iφ + a1a

†
2 e

iφ) cos
θ

2
sin

θ

2
] (15)

so that

N+ = b. 1b1 + b. 2b2 =
1

2
(N1 +N2) = J0 (16)
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and

N− = b. 1b1 − b. 2b2

=
N1 −N2

2
cos θ +

a†1a2 e
−iφ + a1a2

† eiφ

2
sin θ

= Jz cos θ + (Jx cosφ+ Jy sinφ) sin θ (17)

which prescribes how to set the half-wave plate θ and
the phase shift φ to measure any component of the spin,
together with its magnitude.

C. Previous results

The Schwinger representation has been widely used
over the years, starting from the group theoretical mod-
eling of interferometers by Yurke et al. in 1986 [19].

In 2002, Bowen et al. experimentally demonstrated
single-spin squeezing from two-mode squeezed light [22].

In 2005, C. Gerry and J. Albert proposed using a
beamsplitter with a Fock state input to violate Bell in-
equality using the Holstein-Primakoff spin representa-
tion. In this representation, single-mode Fock states cor-
respond to Jz eigenstates (as opposed to the two Qmodes
in the Schwinger representation), the vacuum state |0〉
corresponds to the |j,−j〉 state, and |n〉 to |j,−j + n〉.
The photon number anticorrelation between the two out-
put Qmodes of a beamsplitter can then be written as an
entangled spin system.

In 2011, Evans and Pfister used an original proposal by
Drummond and Reid [23, 24] to show theoretically [21]
that entangled spins could be used to violate the Mermin
inequality [25]. This proposal uses the photon correlation
in the two-mode squeezed state produced by parametric
down-conversion (PDC) in an optical parametric ampli-
fier (OPA) to create perfectly entangled spins of arbitrary
magnitude. Indeed, two independent OPAs (labeled 1
and 2) emit a tensor product of EPR states, or SU(1,1)
Perelomov coherent state [26],

∣∣EPR2
〉

=

∞∑
n1=0

tanhn1 r1

cosh r1
|n1 〉A1 |n1 〉B1

⊗
∞∑

n2=0

tanhn2 r2

cosh r2
|n2 〉A2 |n2 〉B2 , (18)

which can be rewritten in the Schwinger representation
of spins A (A1,A2) and B (B1,B2), to a local optical
phase shift left and assuming equal squeezing parameters
r1 = r2 = r, as a superposition of maximally entangled
states of zero total spin:

∣∣EPR2
〉

=

∞∑
j=0

tanh2j r

cosh2 r

j∑
m=−j

(−1)j−m | j,m 〉A | j,−m 〉B

(19)
where j = (n1 + n2)/2 as before. Note that the recast of
Eq. (18) as spin eigenstates features a rather remarkable

property: the entanglement amount, initially quantified
by the squeezing parameter in the EPR state of Eq. (18),
becomes independent of r when the entangled part of the
state is expressed as an SU(2) eigenstate in Eq. (19), as
can be clearly seen from its rightmost sum. In Eq. (19),
the squeezing parameter r only conditions the probabil-
ity of observing a particular spin magnitude j, not the
degree of entanglement. For each and every value of j,
the entanglement is maximal and independent of r.

The aforementioned bipartite entanglement property
provides us with a strong motivation for investigating
connections between Gaussian and spin entanglement in
the multipartite case.

Although well known in quantum optics [19, 27], this
interplay between the SU(1,1) and SU(2) groups is com-
pelling and its consequences for entanglement have not
yet been elucidated, to the best of our knowledge. A more
general description, such as that involving the symplectic
group Sp(4,R) [28], might be useful here as it already has
been for the study of Gaussian entanglement [29], but
these theoretical directions are beyond the scope of the
present paper.

III. QUANTUM EVOLUTION OF CV- AND
SPIN FIELDS. BIPARTITE CASE

We now turn to the casting of CV multipartite entan-
gled states into spin states and investigating the entangle-
ment of the latter. We naturally start with the simplest
nontrivial examples of tripartite and quadripartite [3, 30]
CV graph states.

A. Quantum evolution of CV, nullifiers, stabilizers,
and constants of the motion

We write the complete basis of the quadrature op-
erators for n quantum modes (“Qmodes”) as a vector
(Q,P )T where Q = (Q1, ..., Qn), P = (P1, ..., Pn), and

where Qj = (aj + a†j)/
√

2 and Pj = i(a†j − aj)/
√

2, aj
being the photon annihilation operator of Qmode j. We
use quadratic squeezing Hamiltonians of the form

H = i~κ
∑
j,k

(a†jGjka
†
k − ajGjkak) (20)

=
~κ
2

(QTGP + PTGQ), (21)

where κ > 0 and G is the H(amiltonian)-graph adjacency
matrix [30, 31], whose 0 and 1 entries inform on which
Qmodes of the field are subjected to a two-mode squeez-
ing interaction. From the physical point of view, diago-
nalizing G solves the Heisenberg-equation system [1]

Q̇ = κGQ (22)

Ṗ = −κGP. (23)
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From the mathematical, graph theoretical point of view,
diagonalizing G yields the spectrum of the H-graph. Let
GD be the diagonal form of G and M the diagonalization
matrix, then

G = M−1GDM (24)

and the “eigenoperators” Q′ = MQ and P ′ = MP of
course verify

Q̇′ = κGDQ
′ (25)

Ṗ ′ = −κGDP ′ (26)

which leads to the familiar result that the negative eigen-
values of G imply amplitude-quadrature squeezing

Q′j(t) = Q′j(0) e−|GDjj |r, (27)

where r = κt is the squeezing parameter, and that the
positive eigenvalues imply phase-quadrature squeezing

P ′k(t) = P ′k(0) e−GDkkr. (28)

(Keep in mind that these primed Qmodes are linear su-
perposition of the initial Qmodes (Q,P )T ). In the limit
r � 1, the system evolves into a simultaneous eigenstate
of all the squeezed Qmodes, with eigenvalue 0. These
nilpotent squeezed Qmode quadratures, a.k.a. nullifiers,
are therefore the infinitesimal operators of the stabilizers
of that same state and, more precisely, the generators
of the stabilizer group [32]—the nullifiers are also the
variance-based entanglement witnesses [33] of the same
state. This Heisenberg picture for defining CV entan-
gled states is therefore a direct analog of the stabilizer
formalism used to describe Qbit entanglement [34], and
these squeezed (and antisqueezed) Qmodes provide a
good starting point for understanding the relationship
between CV- and spin entanglement.

Note finally that a zero eigenvalue of GD implies that
the corresponding Qmode is a constant of the motion,
commuting with the Hamiltonian. The measurement
noise of quantum optical constants of the motion is there-
fore always the vacuum (or “shot”) noise level when they
evolve from an initial vacuum state.

B. Quantum evolution of Schwinger spin operators

We return to the Schwinger representation. Since all
Schwinger spin operators are quadratic in field opera-
tors, we can form the time-evolved spins out the CV op-
erators above. Of particular interest to us, in analogy
with the Qbit stabilizer formalism, are the spin nullifiers.
The reason for this is the following: for spin magnitudes
larger than 1/2, the unitary matrix-group representation
of SU(2) is unitary but not Hermitian, unlike the Pauli
group for which the Qbit stabilizers are unitary observ-
ables. For Qdits and Qmodes, the spin observables are

only nullifiers, not stabilizers. (In both cases, the stabi-
lizers are of course rotation operators and therefore ex-
ponentiated spins.)

Rewriting Eqs. (1-3) in terms of quadratures, we get

Jx = Q1Q2 + P1P2 (29)

Jy = Q1P2 − P1Q2 (30)

Jz =
1

2

(
Q2

1 + P 2
1 −Q2

2 − P 2
2

)
, (31)

Now, If we assume G to be full-rank (which covers all
the interesting cases of multipartite CV entanglement),
we can consider the set of all linear Qmode operators as
either squeezed or antisqueezed operators. From this, we
see that we can make 2 types of spin nullifiers.

The first type is formed by a product of two squeezed
Qmodes. These will be perfect nullifiers in the limit of
infinite squeezing.

The second type, however, is independent of the squeez-
ing and is formed products of one squeezed and one anti-
squeezed operator. If the squeezing strengths are equal,
which we’ll assume throughout the rest of the paper, then
these field-quadratic operators are constants of the mo-
tion. Moreover, if these products are normally ordered,
then they nullify the initial vacuum state by virtue of
a | 0 〉 = 0 | 0 〉 and, being constants of the motion, they
will also nullify the final state of the multimode squeezing
Hamiltonian, whatever the value of the squeezing param-
eter.

It so happens that all Schwinger spin operators de-
fined by Eqs. (1-3) and Eqs. (29-31) nullify the vacuum
state. Therefore we can find all spin nullifiers (i.e., stabi-
lizers!) of any Schwinger state by systematically taking
all the normally ordered products of squeezed and anti-
squeezed quadratures, given by Eqs. (29-31). Again, even
though these nullifiers and stabilizers are constructed out
of squeezed and antisqueezed operators, they will be in-
dependent of the squeezing parameter r.

Let’s illustrate the above concepts in the familiar case
of two 2-mode EPR pairs coupled to form two entan-
gled spins (Fig. 2), as already evoked in the Schrödinger
picture in Eqs. (18-19).

a₂

a₄

a₁

a₃

S₂4S₁3

FIG. 2: Two sets of 2-mode squeezed states, 1-2 and 3-4,
can be viewed through the Schwinger representation as
2 effective spins (blue ellipses). The black dots represent
Qmodes and the red edges denote the non-zero Gjk terms
in the squeezing Hamiltonian.
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The Hamiltonian for this system is

H = i~κ(a†1a
†
2 + a†3a

†
4 − a1a2 − a3a4) (32)

= ~κ(Q1P2 + P1Q2 +Q3P4 + P3Q4) (33)

=
~κ
2

(QTGP + PTGQ) (34)

where

G =

 0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , (35)

which is the adjacency matrix of the H-graph of the state
in Fig. 2 (red edges). We shall henceforth only use the
H-graph to represent the Hamiltonian instead of the G
matrix. Its diagonalization yields

GD =

 1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 (36)

and

M =

 1 1 0 0
−1 1 0 0
0 0 1 1
0 0 −1 1

 . (37)

Therefore, in this case, we have

Q′1,2(t) = Q1(t)±Q2(t) = (Q1 ±Q2)e±r (38)

P ′1,2(t) = P1(t)± P2(t) = (P1 ± P2)e∓r (39)

Q′3,4(t) = Q3(t)±Q4(t) = (Q3 ±Q4)e±r (40)

P ′3,4(t) = P3(t)± P4(t) = (P3 ± P4)e∓r. (41)

Therefore, we should have 4 × 4 = 16 linearly indepen-
dent quadratic (spin) constants of the motion, e.g., Q′1Q

′
2,

Q′1P
′
1, P ′2Q

′
4, etc. Out of these, 6 can be defined accord-

ing to Eqs. (29-31), i.e. are squeezing-independent spin
nullifiers for a vacuum initial state (which we assume in
the rest of the paper). These are

(P1 + P2)(P1 − P2) + (Q1 +Q2)(Q1 −Q2)

+ (P3 + P4)(P3 − P4) + (Q3 +Q4)(Q3 −Q4)

=4(J013 − 4J024) = 0 (42)

(P1 + P2)(P1 − P2) + (Q1 +Q2)(Q1 −Q2)

− (P3 + P4)(P3 − P4)− (Q3 +Q4)(Q3 −Q4)

=4(Jz13 − 4Jz24) = 0 (43)

(P1 + P2)(P3 − P4) + (P1 − P2)(P3 + P4)

+ (Q1 +Q2)(Q3 −Q4) + (Q1 −Q2)(Q3 +Q4)

=4(Jx13 − 4Jx24) = 0 (44)

(P1 + P2)(Q3 +Q4) + (P1 − P2)(Q3 −Q4)

− (Q1 +Q2)(P3 + P4)− (Q1 −Q2)(P3 − P4)

=4(Jy13 + 4Jy24) = 0 (45)

which correspond to the spin definition of Fig. 2. It
can be verified that their eigenstate does indeed have
the form of Eq. (19)—with the proper Qmode-labeling
conventions, and to local optical phase shifts left [21].
Indeed, the 4 nullifiers can then be written as Jk =
Jk13 + Jk42 ∀k ∈ {x, y, z} and J013 − J042, which nul-
lify the maximally entangled state of zero total spin of
Eq. (19).

The last two spin nullifiers are

(P1 + P2)(P3 − P4)− (P1 − P2)(P3 + P4)

+ (Q1 +Q2)(Q3 −Q4)− (Q1 −Q2)(Q3 +Q4)

=4(Jx23 − 4Jx14) = 0 (46)

(P1 + P2)(Q3 +Q4)− (P1 − P2)(Q3 −Q4)

− (Q1 +Q2)(P3 + P4) + (Q1 −Q2)(P3 − P4)

=4(Jy23 + 4Jy14) = 0 (47)

However, these operators pertain to spin pairings that
are different from Fig. 2, gathering Qmodes 1-4 and 2-3
instead of 1-3 and 2-4.

The remaining 10 constants of motion cannot be writ-
ten as Schwinger spin operators. They are not normally
ordered, i.e. contain photon-number non-conserving op-
erators such as a†a†+aa. Therefore these operators, even
though constants of the motion, are not nullifiers since
they do not nullify the vacuum state.

One might be tempted to check if any of the squeezed
quadratic operators such as (P1 + P2)(Q1 − Q2) form
spin operators that would not be constants of motion but
would be nullifiers in the limit r � 1. However, one can
easily check that all the remaining possible spin opera-
tors are linear combinations of squeezed and antisqueezed
operators and are therefore not nullifiers.

The next step is to apply this approach to more compli-
cated CV multipartite entangled states. At this point, we
must make clear that, even though we do conduct a sys-
tematic search for state stabilizers in the paper, we have
left out (for now) the far-reaching considerations of Qdit-
stabilizer groups and cluster-state definition and charac-
terization, narrowing our scope to simply determining
whether (and how) multipartite-entangled CV states can
be mapped onto multipartite-entangled spin states.

We will show that this method of characterizing the
spin state generated by a given quadratic Hamiltonian
is analytically easy, especially since methods for finding
CV squeezed and antisqueezed operators are well known.
Moreover, the converse process of finding a Hamiltonian
to generate any desired spin state is non-trivial, thus our
approach may be quite beneficial if interesting spin states
are found. Here we shall only focus on the study of states
with up to 4 spins, out of multipartite CV states which
have been realized experimentally.

IV. MULTIPARTITE SPIN NULLIFIERS

In this section, we present the results of our systematic
derivations of the spin nullifiers for twin tri- and quadri-



6

partite CV states.

A. Three-spin nullifiers

By analogy with Fig. 2, we choose to examine the twin
three-Qmode arrangements illustrated in Figs. 3 and 4:
we can have a chain with 2 interactions, say 1-2 and 2-3,
or we can have a triangle with 3 interactions, 1-2, 2-3
and 3-1. The CV nullifiers for the two systems will be
different and hence the spin operators and constants of
motion are expected to be different as well.

1. Three-Qmode chain

a₂

a₄

a₁ a₃
S₂₅S₁₄ S₃₆

a₆a₅

FIG. 3: Two sets of 3 Qmodes, 1-3 and 4-6, cast as 3
effective spins (blue ellipses).

We can easily find the spin constants of motion of the
state of Fig. 3 using the methods developed above. The
CV nullifiers are readily obtained

Q′2(r) = (Q1 −
√

2Q2 +Q3) e−
√

2r (48)

P ′1(r) = (P1 +
√

2P2 + P3) e−
√

2r (49)

Q′5(r) = (Q4 −
√

2Q5 +Q6) e−
√

2r (50)

P ′4(r) = (P4 +
√

2P5 + P6) e−
√

2r (51)

from which we find that there are 10 spin constants of
motion

J014 + J036 − J025 + 1 = 0 (52)

Jz14 + Jz36 − Jz25 = 0 (53)

Jx14 + Jx36 − Jx25 = 0 (54)

Jy14 + Jy36 + Jy25 = 0 (55)

Jx16 + Jx34 − Jx25 = 0 (56)

Jy16 + Jy34 + Jy25 = 0 (57)

Jx15 + Jx35 − Jx24 − Jx26 = 0 (58)

Jy15 + Jy35 + Jy24 + Jy26 = 0 (59)

J014 + J036 − Jx13 − Jx46 + 1 = 0 (60)

Jz14 + Jz36 − Jx13 + Jx46 = 0 (61)

The existence of operators which mix different spin def-
initions is something we see again in this case. While
a nontrivial property, it is not consistent with the spin
definitions adopted in Fig. 3 and we will therefore post-
pone investigating it. We will only consider operators

that conform to one specific definition of spins, in this
case 1-4, 2-5, 3-6, as in Fig. 3. The 4 spin nullifiers in
this case are given in Eqs. (52-55).

Another interesting point is that the number of nulli-
fiers has not increased, even though we added one spin.

2. Thee-Qmode ring: CVGHZ state

It is well known that a complete H-graph will yield a
GHZ state [1]. We are therefore naturally curious about
the spin state of Fig. 4. The CVGHZ nullifiers are well

a₂

a₄

a₁ a₃

S₂₅S₁₄ S₃₆

a₆ a₅

FIG. 4: Two sets of 3 Qmodes, 1-3 and 4-6, as 3
effective spins (blue ellipses).

known [1, 35]:

P ′1(r) = (P1 + P2 + P3) e−2r (62)

Q′2(r) = (Q1 −Q2) e−r (63)

Q′3(r) = (Q2 −Q3) e−r (64)

P ′4(r) = (P4 + P5 + P6) e−2r (65)

Q′5(r) = (Q4 −Q5) e−r (66)

Q′6(r) = (Q5 −Q6) e−r (67)

and from these we find the spin constants of motion of
this system to be

Jy12 + Jy23 + Jy31 = 0 (68)

Jy45 + Jy56 + Jy64 = 0 (69)

Jy16 − Jy14 + Jy24 − Jy26 = 0 (70)

Jy15 − Jy14 + Jy34 − Jy35 = 0 (71)

Jy15 − Jy14 + Jy24 − Jy25 = 0 (72)

Jy16 − Jy14 + Jy34 − Jy36 = 0 (73)

Jy14 + Jy15 + Jy16 + Jy24

+Jy25 + Jy26 + Jy34 + Jy35 + Jy36 = 0 (74)

Interestingly enough, none of the above nullifiers is con-
sistent with the nonoverlapping spin pairings in the spin
definitions of Fig. 4! Therefore it becomes difficult to
conceive of merely characterizing a three-spin system,
let alone quantifying any spin entanglement, from these
operators. (Recall that each spin correspond to a well-
defined Qmode pair on which interference and photon-
number measurements are made.) This particular ar-
rangement of Qmodes in Fig. 4 thus seems to thoroughly
defeat our approach, an interesting conclusion that stems
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solely from the Heisenberg viewpoint. Such is not the
case, however, for the spin graph of Fig. 3. Before we
investigate the spin state associated with it, we derive
the spin nullifiers for some 4-spin cases.

B. Four-spin nullifiers

1. Four-Qmode chain and ring CV states

We will not treat the 4-Qmode chain and the ring sep-
arately as these two are specific cases of a more general
CV cluster state [36], as we first recall. (Note that it is
the complete H-graph, not the ring H-graph, that gives
a CVGHZ state. As is well known, these are the same
for up to tripartite entanglement but become different
for quadripartite and larger systems.) All the cases are
depicted in Fig. 5.

a₂

a₄

a₁

a₃

S₂₆S₁₅

S₃₇

a₆

a₇a₈

a₅

S₄₈

(a) Chain H-graph, square
cluster state, H(0)

a₂

a₄

a₁

a₃

S₂₆S₁₅

S₃₇

a₆

a₇a₈

a₅

S₄₈

(b) Square H-graph, square
cluster state, H(1)

a₂

a₄

a₁

a₃

S₂₆S₁₅

S₃₇

a₆

a₇a₈

a₅

S₄₈

(c) Ring H-graph, H(2)

FIG. 5: The 4-mode Hamiltonians studied in this paper.
The green edges denote a change sign in the

corresponding two-mode squeezing term with respect to
the red edges.

The Hamiltonian for the 4-Qmode chain [Fig. 5(a)] is

H(0) = i~κ(a†1a
†
2 + a†2a

†
3 + a†3a

†
4) +H.c. (75)

and was implemented in our laboratory [3] and shown to
generate a quadripartite entangled CV cluster state, of

nullifiers

Q′3(r) =
[
(Q1 −Q4) + Φ (Q3 −Q2)

]
e−rΦ (76)

P ′1(r) =
[
(P1 + P4) + Φ (P3 + P2)

]
e−rΦ (77)

Q′2(r) =
[
Φ (Q1 +Q4)− (Q3 +Q2)

]
e−

r
Φ (78)

P ′4(r) =
[
Φ (P1 − P4)− (P3 − P2)

]
e−

r
Φ (79)

where Φ = (
√

5+1)/2 is the golden ratio. These nullifiers
can be shown to be equivalent, in the limit r � 1 and to
local optical phase shifts left, to the nullifiers of a ring (or
“square”) Qmode cluster-state [3]. Note also that a more
general description of CV graph states in the presence of
finite squeezing has since been expounded [17, 18].

However, a Qmode square cluster state can also be
generated by the Hamiltonian of Fig. 5(b) [3, 30]

H(1) = i~κ(a†1a
†
2 + a†2a

†
3 + a†3a

†
4 − a

†
4a
†
1) +H.c. (80)

The solutions of the Heisenberg equations of motion for
Eq. (80) are

Q′2(r) =
(
Q1 +Q2 −

√
2 Q4

)
e−r
√

2 (81)

Q′3(r) =
(
Q1 −Q2 +

√
2 Q3

)
e−r
√

2 (82)

P ′1(r) =
(
P1 + P2 +

√
2 P4

)
e−r
√

2 (83)

P ′4(r) =
(
P1 − P2 −

√
2 P3

)
e−r
√

2. (84)

Like Eqs. (76-79), these squeezed operators exactly coin-
cide with the same nullifiers of a square cluster state, to
local phase shifts left and in the limit r � 1.

Finally, we consider the Hamiltonian of Fig. 5(c),
which can be viewed as a two-mode squeezed state, each
Qmode of which (1,2) being mixed with a vacuum mode
(3,4) on a balanced beamsplitter. The resulting 4-Qmode
Hamiltonian is

H(2) = U†13U
†
24(i~κa†1a

†
2 +H.c)U13U24

=
i~κ
2

(a†1 + a†3)(a†2 + a†4) +H.c.

=
i~κ
2

(a†1a
†
2 + a†3a

†
4 + a†3a

†
2 + a†1a

†
4) +H.c. (85)

where Ukl = exp[−π4 (a†kal + a†l ak)].

It is important to note that H(0), H(1) and H(2) only
differ in the term of the 1-4 interaction, which is respec-
tively zero [Eq. (75)], of opposite sign [Eq. (80)], and of
the same sign [Eq. (85)] as the other terms, as is also
clear from Fig. 5.

In H(0), the 1-4 interaction is absent. In H(1), the
relative sign difference corresponds to having 3 nonlin-
ear parametric downconverting interactions and 1 up-
converting interaction, while in H(2) all 4 interactions
are downconverting ones. We will see soon that the pho-
ton number correlations are similar in the 3 Hamiltoni-
ans, however, the field correlations are different. As a
result, while H(0) and H(1) make quadripartite CV clus-
ter states, H(2) does not (G is not full-rank in the latter
case).
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To describe all cases of Fig. 5 in the most general fash-
ion, we therefore consider the following 8-mode Hamilto-
nian

H1−4 = i~κ(G12a
†
1a
†
2 +G23a

†
2a
†
3

+G34a
†
3a
†
4 +G14a

†
4a
†
1) +H.c. (86)

H5−8 = i~κ(G56a
†
5a
†
6 +G67a

†
6a
†
7

+G78a
†
7a
†
8 +G58a

†
8a
†
5) +H.c. (87)

H1−8 = H1−4 +H5−8, (88)

where Gij = ±1, 0. We also decide, still in accord with
Fig. 5, on the specific choice of Qmode pairings such that
the spins are made up of Qmode pairs (15), (26), (37),
and (48), only. We now derive the spin nullifiers that
pertain to this definition of spins.

Two constants of the motion can be deduced intuitively
from inspection of the two-photon emission processes in
Eq. (86), where we can easily see that when this Hamil-
tonian acts on the vacuum, pairs of photons are emitted
or annihilated that involve the Qmode pairs (12), (23),
(34), and (41). From this we predict that

(N1 +N3)− (N2 +N4) = 0, (89)

which can be proven easily:

[N1 +N3 −N2 −N4, H] = [N1 +N3, H]− [N2 +N4, H]

= H −H = 0, (90)

hence the operator N1 + N3 − N2 − N4 is a constant of
the motion. Since this operator is a nullifier of initial
(vacuum) state, it also nullifies the final state. The same
holds for Eq. (87), with

(N5 +N7)− (N6 +N8) = 0. (91)

Considering now the total Hamiltonian of Eq. (88), we
deduce the following two nullifiers

(N1 +N3 −N2 −N4) + (N5 +N7 −N6 −N8)

= (J015 + J037)− (J026 + J048) = 0 (92)

(N1 +N3 −N2 −N4)− (N5 +N7 −N6 −N8)

= (Jz15 + Jz37)− (Jz26 + Jz48) = 0, (93)

which can also be derived from products of squeezed and
antisqueezed linear operators.

It is reasonable to take all the H-graphs paired to make
spin graphs in Fig. 5 identical, as is implicit in Figs. 2
and 5. From this we can find the following two nullifiers

(Jx15 + Jx37)− (Jx26 + Jx48) = 0 (94)

(Jy15 + Jy37) + (Jy26 + Jy48) = 0. (95)

This again can be easily verified, e.g., for the former,

[Jx15 + Jx37 − Jx26 − Jx48, H1−8]

= i~κ[G12a
†
5a
†
2 +G34a

†
7a
†
4 +G23a

†
7a
†
2 +G14a

†
5a
†
4

−G12a
†
1a
†
6 −G34a

†
3a
†
8 −G23a

†
3a
†
6 −G14a

†
1a
†
8

− (G56a
†
5a
†
2 +G78a

†
7a
†
4 +G67a

†
7a
†
2 +G58a

†
5a
†
4

−G56a
†
1a
†
6 −G78a

†
3a
†
8 −G67a

†
3a
†
6 −G58a

†
1a
†
8)]

(96)

which is zero iff G12 = G56, G23 = G67, G34 = G78, and
G14 = G58, i.e., iff the 1-4 H-graph is identical to the 5-8
H-graph. The commutation of Jy15 + Jy37 + Jy26 + Jy48

with H follows similarly.
Note that no constraint has yet been placed on the rel-

ative interactions strengths within a square, and these 4
nullifiers are therefore valid for all three Hamiltonians we
discussed earlier. These nullifiers are also similar to the
highly symmetric ones we had for the two spins case. Fi-
nally, we have also shown, using the exhaustive approach
outlined in section III and section IV (finding squeezed
and antisqueezed operators and combining them to form
operators that are invariant under the Hamiltonian), that
there are no other nullifiers to be found pertaining to
these particular spin definitions, even though one can
find 6 other SU(2) nullifiers pertaining to different spin
pairings.

We can make the 4 nullifiers more symmetric by
inessential adjustments, namely by exchanging the
Qmodes in spins 26 and 48, which become 62 and 84
respectively, and by optically phase-shifting Qmodes 6
and 8 by π, which yields the following 4 nullifiers

J0 = J015 + J037 − J062 − J084 = 0, (97)

Jz = Jz15 + Jz37 + Jz62 + Jz84 = 0, (98)

Jx = Jx15 + Jx37 + Jx62 + Jx84 = 0, (99)

Jy = Jy15 + Jy37 + Jy62 + Jy84 = 0. (100)

It is remarkable, and worth repeating here, that these
nullifiers hold irrespective of the relative signs of the in-
teraction terms in the Hamiltonian of Eq. (88).

Moreover, Equations (98-100) define the components

of a “total spin” ~J = ~J15 + ~J37 + ~J62 + ~J84. Indeed, we
can show that

(i): [J0, Ji] = 0, ∀i = x, y, z.

(ii): [Jk, Jl] = εklmiJm, ∀k, l,m = x, y, z.

A few important points: because of (i), we can measure
J0 simultaneously to any component, as was already the
case in Fig. 1. This means that not only are Jz, Jx, Jy
nullifiers of the state, they must also be nullifiers of any
state that is post-selected by a measurement of J0. Also,
it is clear from Eqs. (98-100) that for each value of J0, the
state we seek must have zero total spin: |0, 0〉. These are
useful findings as we embark on finding the corresponding
quantum spin state in the next section.
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2. Four-Qmode GHZ state

Before turning to the explicit expression of the spin
states, we consider the same GHZ construction as in sec-
tion IV A 2, illustrated in Fig. 6.

S₂₆S₁₅

S₃₇

a₆

a₇

a₅

S₄₈

a₂

a₄

a₁

a₃

a₈

FIG. 6: Two 4-Qmode GHZ states, 1-4 and 5-8, paired
as 4 Schwinger spins (blue ellipses).

As mentioned earlier, the Hamiltonian is that of a com-
plete H-graph

H(3) = i~κ
( ∑
i<j∈[1,4]

a†ia
†
j +

∑
i<j∈[5,8]

a†ia
†
j

)
+H.c. (101)

Following again the same procedure to find the nullifiers,
we found, exactly as in the 3-spin case in section IV A 2,
that there are no nullifiers that pertain the specific 4-spin
definitions of Fig. 6. All the spin constants of motion
that we derived mix pairings of Qmodes and therefore
we cannot choose any definition of spins for which any of
these operators will be applicable.

V. MULTIPARTITE SPIN ENTANGLEMENT

We now turn to using the nullifiers that we have de-
rived in the previous sections to derive the analytic ex-
pression of the corresponding spin state, in order to at-
tempt to identify if these spin states are multipartite en-
tangled and, if so, to attempt to determine the nature of
the entanglement.

A. Derivation of the spin state for Qbits

Writing the full state for all photon numbers, i.e., for
all values of the spin magnitudes, is an arduous and te-

dious task that we will not present in this paper. Here
we will make use instead of the post-selection property
mentioned at the end of section IV B 1: indeed, we have
shown that measuring the total photon number of each
Qmode, i.e. the Casimir operator, or magnitude, of each
spin (j15, j62, j37, j84) is doable simultaneously with any
other measurement of the spin components that are rel-
evant to the particular quantum process involved (e.g.,
Bell inequality measurement, quantum cryptography. . . )
We therefore select the simplest interesting case of 4
Qbits, i.e., j15 = j37 = j62 = j84 = 1/2, which satis-
fies Eq. (97). Using this postselected substate we will
prove simply that a multipartite entangled spin state is
created by the Hamiltonian of Eq. (85).

We can generate this state by decreasing the interac-
tion strength such that we can approximate the state as
the truncated expansion of the propagator on the vac-
uum. We do this for the Hamiltonian of Eq. (88) to get

|ψf 〉 = e−
i
~Ht |ψi 〉

= exp[r{(G12a
†
1a
†
2 +G23a

†
2a
†
3

+G34a
†
3a
†
4 +G14a

†
4a
†
1)−H.c.

+ (G12a
†
5a
†
6 +G23a

†
6a
†
7

+G34a
†
7a
†
8 +G14a

†
8a
†
5)−H.c.}] | 0 〉

= 1 + r(...)

+ r2(G12G34(a†1a
†
2a
†
3a
†
4 + a†1a

†
2a
†
7a
†
8

+ a†5a
†
6a
†
3a
†
4 + a†5a

†
6a
†
7a
†
8)

+G23G14(a†1a
†
2a
†
3a
†
4 + a†1a

†
6a
†
7a
†
4

+ a†5a
†
2a
†
3a
†
8 + a†5a

†
6a
†
7a
†
8)

+O(r3)] | 0 〉 (102)

We can then post-select, by measuring all 4 individual
Casimir operators (Fig. 1) only the terms that create 4
Qbits, i.e., create exactly one photon, either in 1 or in 5,
and the same for (26), (37), and (48). This yields

|ψf 〉 =[G12G34(a†1a
†
2a
†
3a
†
4 + a†1a

†
2a
†
7a
†
8 + a†5a

†
6a
†
3a
†
4 + a†5a

†
6a
†
7a
†
8)

+G23G14(a†1a
†
2a
†
3a
†
4 + a†1a

†
6a
†
7a
†
4 + a†5a

†
2a
†
3a
†
8 + a†5a

†
6a
†
7a
†
8)] | 0 〉

=a
(
| ↑〉15| ↑〉26| ↓〉37| ↓〉48 + | ↓〉15| ↓〉26| ↑〉37| ↑〉48

)
+ b
(
| ↑〉15| ↓〉26| ↓〉37| ↑〉48 + | ↓〉15| ↑〉26| ↑〉37| ↓〉48

)
+ (a+ b)

(
| ↑〉15| ↑〉26| ↑〉37| ↑〉48 + | ↓〉15| ↓〉26| ↓〉37| ↓〉48

)
(103)
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where G12G34 = a and G23G14 = b. We now make the
same single-mode unitary operations as mentioned in the

last section, considering spins 62 and 84 instead of 26 and
48 and phase-shifting Qmodes 6 and 8 by π, and get

|ψf 〉 = a
(
| ↑〉15| ↓〉26| ↓〉37| ↑〉48 + | ↓〉15| ↑〉26| ↑〉37| ↓〉48

)
+ b
(
| ↑〉15| ↑〉26| ↓〉37| ↓〉48 + | ↓〉15| ↓〉26| ↑〉37| ↑〉48

)
− (a+ b)

(
| ↑〉15| ↓〉26| ↑〉37| ↓〉48 + | ↓〉15| ↑〉26| ↓〉37| ↑〉48

)
. (104)

We can check that this state satisfies all 4 nullifiers
Eqs. (97-100) and is therefore a total spin zero state. We
can of course apply an overall normalization constraint
satisfying 2|a|2 + 2|b|2 + 2|a + b|2 = 1. For different in-
stances of G, we will get completely different states which
may or may not be entangled spins.

B. Entanglement characterization

There is no commonly agreed metric of multipartite en-
tanglement even for Qbits although many candidates ex-
ist. Average on Neumann entropy, partial positive trace
method, Schmidt decomposition are a few of the possible
entanglement metrics. There have been several attempts
to compare the various entanglement metrics and to char-
acterize and find maximally entangled states [37]. We
will not attempt to compare the degree of entanglement
of the states considered and will simply observe whether
they are factorisable or not.

It is interesting to explore the influence of the different
flavors of Eq. (88) on the created spin state.

To begin with, in the square cluster Hamiltonian H(1)

of Eq. (80), we have −G14 = G12 = G23 = G34, which
implies a = −b and the state becomes

|ψ(1)
f 〉 =

(
| ↑〉15| ↓〉37 − | ↓〉15| ↑〉37

)
⊗
(
| ↑〉26| ↓〉48 − | ↓〉26| ↑〉48

)
, (105)

which is a product state of two spin-0 Bell pairs of Qbits.
This state is pairwise entangled but not quadripartite
entangled. Therefore Schwinger-pairing 2 quadripartite
entangled Qmode square cluster states does not neces-
sarily give us a quadripartite spin entangled state.

However, the situation changes when we consider
Hamiltonian H(2) of Eq. (85), which does not itself make
a CV cluster state. There we have G14 = G12 = G23 =
G34, which implies a = b, and

|ψ(2)
f 〉 =

1

2
√

3

[
| ↑〉15| ↑〉26| ↓〉37| ↓〉48 + | ↓〉15| ↓〉26| ↑〉37| ↑〉48 + | ↑〉15| ↓〉26| ↑〉37| ↓〉48 + | ↓〉15| ↑〉26| ↓〉37| ↑〉48

− 2
(
| ↑〉15| ↓〉26| ↓〉37| ↑〉48 + | ↓〉15| ↑〉26| ↑〉37| ↓〉48

)]
, (106)

which is a quadripartite entangled state. We notice that this state closely resembles the well-known Dicke state [38]

|D〉 =
1√
6

(
| ↑〉15| ↑〉26| ↓〉37| ↓〉48 + | ↓〉15| ↓〉26| ↑〉37| ↑〉48 + | ↑〉15| ↓〉26| ↑〉37| ↓〉48 + | ↓〉15| ↑〉26| ↓〉37| ↑〉48

+ | ↑〉15| ↓〉26| ↓〉37| ↑〉48 + | ↓〉15| ↑〉26| ↑〉37| ↓〉48

)
(107)

and shares many of its properties. Indeed, while the
Dicke state is |j = 2,m = 0〉 for the total spin, this state
is |j = 0,m = 0〉. Moreover, projecting 1 spin in the Jz
basis, gives us an entangled state, similar to Dicke states.
Projecting then another spin results in a bipartite entan-

gled state with the probability 2/3. Therefore |ψ(2)
f 〉 can

be used as a open destination teleportation resource and
is robust under single Qbit decoherence since it retains
some entanglement between the remaining Qbits under

such projections.

VI. CONCLUSION

The close connection of twin two-Qmode Gaussian
entanglement to maximal bipartite spin entanglement,
Eqs. (18-19), initially suggested that the simulation of
entangled spins using optical Qmodes might be possi-
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ble. Such a correspondence of Gaussian and nonGaus-
sian Wigner functions, coupled to the availability of
photon-number-resolving detection methods, is a fasci-
nating prospect, not to mention its possible implications
for quantum simulation.

We attempted to explore this correspondence by re-
casting different families of H-graph states as spins, by
way of the Schwinger representation. While we found
that this correspondence is not straightforward for mul-
tipartite systems—and even seems to fail systematically
in the case of paired CVGHZ states—we have nonethe-
less obtained nontrivial results, including a genuine mul-
tipartite entangled spin-1/2 state generated by a mul-
timode squeezed, albeit not multipartite entangled CV
state. Moreover, closely related Qmode Hamiltonians,

which make significantly different states, can still have
the same spin nullifiers, which hints at a possible degen-
eracy of the nullifier picture in this case.

These results are intriguing and we believe that a pos-
sible avenue to better understand the underlying theory
might be a general group theoretical approach involving
the connections between Sp(4,R) and SU(2). This will
be the focus of an upcoming extension of this work, along
with the investigation of larger spin values.

We are grateful to Natasha Gabay and Nicolas
Menicucci at the University of Sydney for nonlocal stim-
ulating discussions and free-flowing exchange of ideas.
This work was supported by the U.S. National Science
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